In this paper we show that for every congruent monotileable amenable group G and for every metrizable Choquet simplex K, there exists a minimal G-subshift, which is free on a full measure set, whose set of invariant probability measures is affine homeomorphic to K. If the group is virtually abelian, the subshift is free. Congruent monotileable amenable groups are a generalization of amenable residually finite groups. In particular, we show that this class contains all the infinite countable virtually nilpotent groups. This article is a generalization to congruent monotileable amenable groups of one of the principal results shown in [3] for residually finite groups.
Introduction
The set of invariant probability measures of a continuous action of an amenable group on a compact metric space is a (non empty) metrizable Choquet simplex (see for example [9] ). A natural question is whether the converse is true, i.e, if given a metrizable Choquet simplex K and an amenable group G, it is possible to realize K as the set of invariant probability measures of a continuous action of G on a compact metric space. In [4] Downarowicz answered for the first time this question in the case G = Z, showing that every metrizable Choquet simplex can be realized as the set of invariant probability measures of a Toeplitz Z-subshift. The extension of this result to any amenable residually finite group G was shown in [3] . In the recent work [6] , the authors show that every face in the simplex of invariant measures of a zero-dimensional free dynamical system given by an action of an amenable group, can be realized as the entire simplex of invariant measures on some other zero-dimensional dynamical system with a free action of the same group. Thus, if the Poulsen simplex could be obtained as the set of invariant measures of a free action of some prescribed amenable group G, the same would hold for any Choquet simplex.
The realization of Choquet simplices as sets of invariant measures is related to orbit equivalence problems. Indeed, an invariant for topological orbit equivalence among minimal free actions on the Cantor set is the ordered group with unit associated to those systems (which is a complete invariant for Z d -actions [8, 7] ). On the other hand, the space of traces of the associated ordered group with unit is affine homeomorphic to the set of invariant probability measures of the system (see for example [10] ). Thus, an amenable group G with the property that every metrizable Choquet simplex can be realized as the set of invariant probability measures of a minimal free G-action on the Cantor set, admits at least as many topological orbit equivalence classes as metrizable Choquet simplices exist.
In this paper we deal with the problem of realization of Choquet simplices in the context of actions of monotileable groups. In [11] Weiss introduces the concept of amenable monotileable group, which are a generalization of amenable residually finite groups, in the sense that, roughly speaking, the monotiles used to tile a monotileable group, play the role of the fundamental domains of the finite index subgroups of the residually finite groups. It is still unknown if there are amenable groups which are not monotileable. In this article, we introduce the concept of congruent monotileable amenable group, which include all the amenable residually finite groups. We show that the class of congruent monotileable amenable groups is larger than the class of amenable residually finite group. More precisely, we show the following result.
Theorem 1. Every countable virtually nilpotent group is congruent monotileable.
Thus abelian groups which are not residually finite (for example Q, or the Prüfer group) are congruent monotileable. It is an open question whether every monotileable group is congruent monotilable. We answer the question of realization of Choquet simplices for congruent monotileable groups. Our principal result is the following.
Theorem 2. Let G be an infinite congruent monotileable amenable group. For every metrizable Choquet simplex K, there exists a minimal G-subshift, which is free on a full measure set, whose set of invariant probability measures is affine homeomorphic to K. If G is virtually abelian, the subshift is free.
Combining Theorem 1 and Theorem 2, we get that for any countable abelian group G (even those which are not residually finite) and any metrizable Choquet simplex K there exists a minimal free action on the Cantor set whose set of invariant probability measures is affine homeomorphic to K. It is important to remark that when G is not residually finite, the minimal free G-subshifts that we get are not Toeplitz. This is because Toeplitz subshifts are regularly recurrent, and the only groups admitting regularly recurrent actions on the Cantor set are residually finite groups. This paper is organized as follows. In Section 2 we introduce the concept of congruent monotileable amenable group, and we show Theorem 1. In Section 3 we construct minimal G-subshifts for any congruent monotileable amenable group G. We give a characterization of the set of invariant probability measures of those subshifts in terms of inverse limits as it was done in [3] . We also make some comments about the associated ordered group with unit, noting that its rational subgroup is non cyclic. In Section 4 we use the construction of the previous section to show our principal result.
Monotileable amenable groups
Through this paper, G is an amenable discrete infinite countable group. We denote by 1 G the unit of G. By a right Følner sequence of G we mean a sequence (F n ) n≥0 of finite subsets of G such that for every g ∈ G,
We take the existence of a right Følner sequence as the definition of amenablitiy for G, that is, the group G is amenable if it has a right Følner sequence. The next result is direct (see for example [2, Proposition 4.7.1]).
Lemma 1.
The following conditions are equivalent:
1. (F n ) n≥0 is a right Følner sequence of G.
For every
The conditions above are usually refered as the Følner conditions. Right Følner sequences are somehow those which become more and more invariant under right multiplication. We precisize this notion in the following lemma. Its proof is standard, we include it here for completeness.
is a right Følner sequence of G if and only if for every finite subset K of G and for every ε > 0, there exists
Suppose (F n ) n≥0 is a right Følner sequence, and take any finite K ⊆ G, ε > 0. Since for all k ∈ K, lim n→∞
Since K is finte, there is a N ∈ N such that for all n ≥ N and for all k ∈ K, the above inequality holds. Now,
then,
and therefore,
Conversely, suppose that for any ε > 0 and any finite K ⊆ G, there is a N ∈ N such that for all n ≥ N , F n is right (K, ε)-invariant. Take g ∈ G and consider K = {g}. Let ε > 0. Then, there is a N ∈ N such that for all n ≥ N ,
and therefore, for all n ≥ N ,
This implies that lim n→∞ |Fng\Fn| |Fn| ≤ ε. Since ε was arbitrarily taken, we conclude that lim n→∞ |Fng\Fn| |Fn| = 0.
We will use the concept of left (K, ε)-invariance as well: for finite subsets F, K ⊆ G and ε > 0, we say that
This is the notion of invariance used in [11] . Note that if F is right (K, ε)-
Remark 3. Every abelian group is amenable. In this case, every Følner sequence is left and right at the same time, and the notions of right and left (K, ε)-invariance coincide.
A left monotile of G is a finite subset F of G for which there exists a subset C of G such that the collection T = {cF : c ∈ C} is a partition of G. In this case we say that T is a left monotiling. A right monotile of G is a finite subset F of G for which there exists a subset C of G such that the collection T = {F c : c ∈ C} is a partition of G. In this case we say that T is a right monotiling. We say that G is monotileable amenable if there exists a right Følner sequence (F n ) n≥0 of G such that every F n is a left monotile of G. Note that if G is monotilable amenable, then (F −1 n ) n≥0 is a left Følner sequence whose elements are right monotiles of G.
Congruent monotileable amenable groups.
Definition 4. Let (F n ) n≥0 be a sequence of finite subsets of G. We say that the sequence is congruent if 1 G ∈ F 0 and for every n ≥ 0 the exists a set J n ⊆ G such that 1 G ∈ J n and such that {cF n : c ∈ J n } is a partition of F n+1 . We say that G is congruent monotileable if it admits a congruent right Følner sequence made of left monotiles, which is also exhaustive, that is,
Lemma 5. Let G be a congruent monotilable amenable group with a right Følner sequence (F n ) n≥0 made of congruent left monotiles. Then for every m > n ≥ 0, the collection
Proof. The proof follows directly from Definition 4 by using induction.
The next lemma is the key tool to show that countable abelian and nilpotent groups are congruent monotilable. If M is any set, ∼ is an equivalence relation on M , π : M → M/ ∼ is the canonical projection and H ⊆ M/ ∼, we say that H ⊆ M is a lifting of H if π( H) = H and π is one-to-one in H.
Lemma 6. Let L, G and Q be countable discrete amenable groups such that 1 → L → G → Q → 1 is an exact sequence. Suppose L and Q have congruent and exhaustive right Følner sequences made of left monotiles, (U s ) s≥0 and (T s ) s≥0 respectively. Then, G has an exhaustive right Følner sequence made of left monotiles. More precisely, there exists a sequence ( T s ) s≥0 , such that each T s ⊆ G is a lifting of T s , and an increasing sequence of indices, (m s ) s≥0 , such that F s = U ms T s defines an exhaustive right Følner sequence made of letf monotiles of G. If in adittion L ⊆ Z(G), then (F s ) s≥0 is also congruent.
Proof. Let (K s ) s≥0 be an increasing sequence of finite subsets of G such that G = s≥0 K s . Let (ε s ) s≥0 be a decreasing to zero sequence of positive reals. Let
is a right Følner sequence, lemma 2 tells us that, up to take an increasing subsequence, we can assume that for all
We proceed by induction for de definition of ( T s ) s≥0 and (m s ) s≥0 . For s = 0, define T 0 = 1 G and m 0 = 0, so that 1 G ∈ F 0 = U 0 . If s > 0, suppose we have defined T s−1 and m s−1 . By hypothesis, there exists a finite subset D ⊆ Q containing 1 Q such that
Take any lifting D of D, and define T s = d ∈ Dd T s−1 . It is straightforward to show that T s is a lifting of T s and that 
is increasing and (U s ) s≥0 is congruent, lemma 5 tells us that there exists a finite subset of L, C, such that
On the other hand, by construction, there is a set E ⊆ G such that
If G is a countable amenable group having a finite index subgroup which is congruent monotilable, then so is G. Indeed, it is not difficult to see that, if L is a congruent monotilable finite index subgroup of G, R is a subset of right coset representatives, and (U n ) n≥0 is a congruent right Følner sequence made of left monotiles of L, then the sequence F n := U n R defines a congruent right Følner sequence of G. This implies that any virtually congruent monotilable group is congruent monotilable as well.
Proposition 8. Every countable abelian group is congruent monotilable.
Proof. We concentrate in the case of infinite countable abelian groups, since the finite case is trivial. Recall that if G is a finitely generated abelian group, then it has polinomial growth and therefore it is residually finite. Any such a group (provided it is amenable) is congruent monotilable (see for example [3, Lemma 4] ).
Let G be a non-finitely generated abelian group, and enumerate its elements as
Since G is non-finitely generated we can define an increasing sequence (k n ) n≥0 as follows: let k 0 = 0 and for n > 0 let define
For every n ≥ 0 we set
where · denotes the generated subgroup in G.
Since G is abelian, G n−1 ⊳ G n and G n /G n−1 is an abelian group. Moreover, this is a non trivial cyclic group. Indeed, any class gG n−1 has the form
Since g
The rest of the proof is organized as follows:
• For every n ≥ 0, we will inductively define (F n s ) s≥0 an exhaustive and congruent right Følner sequence made of left monotiles of G n , a positive integer m n−1 and a finite subset F n−1 ⊆ G.
• We will show that (F n mn ) n≥0 is an exhaustive and congruent right Følner sequence of left monotiles of G.
For n = 0, define F 0 s = {1 G }, for every s ≥ 0. This is an exhaustive and congruent right Følner sequence of left monotiles of G 0 , because this group is trivial. We also put m −1 = 0 and F −1 = {1 G }.
Let We can assume that for every s ≥ 0, m n−1,s > m n−2 , K n ⊆ F n s and that F n s is right (K n , ε n )-invariant. We define m n−1 = m n−1,0 , and
Claim: (F n ) n≥0 is an exhaustive congruent right Følner sequence of G made of left monotiles. This sequence is right Følner because for all n ≥ 0, F n = F n m n,0 is right (K n , ε n )-invariant. Since F n = F n m n,0 is a left monotile of G n , we have that F n is a left monotile of G. Indeed, if C n ⊆ G n is such that {cF n : c ∈ C n } is a partition of G n , and Λ n ⊆ G is a lifting of G/G n , then {gcF n : g ∈ Λ n , c ∈ C n } is a partition of G. We have that F n = F n mn = F n m n−1,mn . Since (m n−1,s ) s≥0 is increasing, and (F n s ) s≥0 is congruent, every F n−1 m n−1,s is a disjoint union of translated copies of F n−1 m n−1,0 = F n−1 . This together with the fact that all the elements in T n−1 mn are in diferent classes of G n /G n−1 , imply that F n is a disjoint union of translated copies of F n−1 .
Proof of Theorem 1. Suppose G is a countable nilpotent group. Again recall that if G is finitely generated, it is residually finite and then congruent monotilable by the results in [3] . If G is not finitely generated, we use induction on the nilpotency class of the group. If G is of class 1, then G is abelian and the result follows from proposition 8. If its nilpotency class is 2, then consider the exact sequence Z(G), we deduce from Lemma 6 that G is congruent monotilable. If G has nilpotency class n grater than 2, consider the exact sequence
where G i denotes the i-th subgroup in the lower central series of G. Since G n−1 Z(G), it is abelian, and therefore it follows from proposition 8 that G n−1 is congruent monotilable. On the other hand, G/G n−1 is a group of nilpotency class n − 1 (this follows from the fact that for all 0
, and then by inductive hypothesis it is congruent monotilable as well. Since G n−1 Z(G), we deduce from Lemma 6 that G is congruent monotilable. This proves that any countable nilpotent group is congruent monotilable. From the argument above and remark 7, we deduce that every countable virtually nilpotent group is congruent monotilable.
3 Invariant measures and group actions on the Cantor set.
In this section we assume that G is a congruent monotilable amenable group with a right Følner sequence (F n ) n≥0 made of congruent left monotiles. We use the notation of Definition 4.
Subshifts.
Let Σ be a finite alphabet. By Σ G we mean the set of all the functions from G to Σ. The (left) shift action σ of G on Σ G is given by σ g (x)(h) = x(g −1 h), for every h ∈ G and x ∈ Σ G . We consider Σ endowed with the discrete topology and Σ G with the product topology. Thus every σ g is a homeomorphism of the Cantor set Σ G . A subshift or G-subshift of Σ G is a closed subset X of Σ G which is invariant by the shift action. The triple (X, σ| X , G) is also called subshift or G-subshift. See [2] for more details. The subshift (X, σ| X , G) is minimal if for every x ∈ X the orbit o σ (x) = {σ g (x) : g ∈ G} is dense in X. We say that (X, σ| X , G) is free on A ⊆ X if σ g (x) = x implies g = 1 G , for every x ∈ A. If A = X we just say that the subshift is free.
Construction of a minimal G-subshift (X, σ| X , G).
Remark 9. Here we use the principal ideas introduced in [3] . Nevertheless, unlike [3] , in the subshifts of this article there are not finite index subgroups of G as set of return times to clopen sets. This will change the strategies of the proofs and the properties of the G-subshifts that we construct.
Let k 0 ≥ 3 be an integer and let Σ = {0, · · · , k 0 }.
For n ≥ 0, let k n+1 ≥ 3 be an integer and let B n+1,1 , · · · , B n+1,k n+1 be different elements in Σ F n+1 verifying the following conditions:
Lemma 10. Let (B n,1 , · · · , B n,kn ) n≥0 be the sequence defined above. Then for every n ≥ 0 we have the following:
Proof. The case n = 0 is clear.
Suppose the hypothesis is true for n ≥ 0. Let g ∈ F n+1 and 1 ≤ k, k ′ ≤ k n+1 be such that
Let c n ∈ J n and s ∈ F n be such that g = c n s. Since c n F n ⊆ F n+1 , conditions (C1) and (C2) imply
. By hypothesis we get s = 1 and l = 1. Conditions (C1) and (C2) imply c n = 1 G . From this we deduce g = 1 G and k = k ′ .
Lemma 11. Let (B n,1 , · · · , B n,kn ) n≥0 be the sequence defined above. Then
where x 0 is some element in Σ G .
Proof. By Condition (C1) and because every set {x ∈ X : x(F n ) = B n,1 } is compact, we have
Since the Følner sequence (F n ) n≥0 is exhaustive, we deduce there exists only one element x 0 in this intersection.
Let x 0 ∈ Σ G be the element of Lemma 11. Consider X = {σ g (x 0 ) : g ∈ G}.
For every n ≥ 0 and 1 ≤ k ≤ k n we define
Lemma 12. Let v ∈ G. Then the following are equivalent:
2. There exist m > n and c i ∈ J i for every n ≤ i < m such that
Proof. Suppose that v ∈ G is such that σ v −1 (x 0 ) ∈ C n . If v = 1 G then for m = n + 1 and c n = 1 G we get the desired property. Suppose now that v = 1 G . let m ≥ 0 be the smallest integer such that vF n ⊆ F m . Because |vF n | = |F n |, it is necessary that m ≥ n. Suppose that m = n. Since 1 G ∈ F n this implies that v ∈ F n . By hypothesis we have
On the other hand,
Lemma 10 implies that v = 1 G , which is a contradiction. Thus we have m > n.
Since vF n ⊆ F m and 1 G ∈ F m , we have v ∈ F m . Lemma 5 implies for every
which implies that for every g ∈ s −1 F n ,
On the other hand, for every g ∈ F n we have
Lemma 10 implies that s = 1 G and then v = c m−1 · · · c n .
By induction and Lemma 5, we get that v = c m−1 · · · c n is a return time of x 0 to C n .
Lemma 13. For every n ≥ 0, consider the collection of sets
where C n,k is defined as above. Then for every n ≥ 0, (KR1) P n clopen partitions of X.
(KR2) P n+1 is finer than P n .
Proof. (KR1) Suppose that v, u ∈ F n and 1 ≤ k, l ≤ k n are such that
Then there exists x ∈ X such that
Since x ∈ X, there exists a sequence (g i ) i≥0 of elements in G such that
Lemma 12 implies that for a large enough i there exist c p ∈ J p for every n ≤ p ≤ m − 1, andc p ∈ J p for every n ≤ p ≤ r − 1, such that
where m ≥ n + 1 and r ≥ n + 1 are the smallest integers such that g
Suppose that r ≥ m. From Lemma 5, this implies that
We get that u = v and then the sets in P n are disjoint.
Let g ∈ G \ F n . Let m > n be such that g ∈ F m . Then the congruency of (F n ) n≥0 implies there exist c i ∈ J i for every n ≤ i < m such that g = c m−1 · · · c n u, for some u ∈ F n . Then from Lemma 5 we get
This shows that P n is a covering of X.
(KR2) Condition (C2) implies that P n+1 is finer that P n .
Proposition 14. The system (X, σ| X , G) is minimal and free on X \ ∂X. If G is virtually abelian, the system is free.
Proof. Let F ⊆ G a finite set, and let P ∈ Σ F such that
We will show that R C (x 0 ) = {g ∈ G : σ g −1 (x 0 ) ∈ C} is syndetic, which is enough to conclude that the subshift is minimal (see for example [1,
Since the orbit of x 0 is dense in X such a g always exists.
We have
Condition (C1) and Lemma 12 imply that for every c m−1 ∈ J m−1 , · · · , c n ∈ J n , with m > n, we have
Thus we get
This shows that c m−1 · · · c n g −1 ∈ R C (x 0 ). Now let h ∈ G and m > n be such that g ∈ F m . Lemma 5 implies there are c m−1 ∈ J m−1 , · · · , c n ∈ J n such that h ∈ c m−1 · · · c n F n . Then we get h ∈ R C (x 0 )gF n , which implies that R C (x 0 ) is syndetic. Let x ∈ X and g ∈ G be such that σ g (x) = x. For every n ≥ 0, let v n ∈ F n be such that
n (C n ). Because of P n is a partition, if there exists n ≥ 0 such that v n g −1 ∈ F n , then g = 1 G . Thus if there exists g ∈ G \ {1 G } such that σ g (x) = x, then v n ∈ F n \ F n g for every n ≥ 0. This shows that the subshift is free on X \ ∂X. Suppose that G is virtually abelian. Let Γ be an abelian finite index subgroup of G. Because G/Γ is finite, there exist l > k ≥ 1 such that g l Γ = g k Γ, which implies g l−k ∈ Γ. Thus we can assume that g ∈ Γ. On the other hand, there exist a subsequence (v n k ) k≥0 and v ∈ G such that v n k ∈ vΓ, for every
. This implies that lim k→∞ σ gγ k (x) = σ gv −1 (x 0 ) and because σ gγ k (x) = σ γ k g (x) = σ γ k (x), we conclude that σ gv −1 (x 0 ) = σ v −1 (x 0 ). Since x 0 ∈ X \ ∂X, we deduce gv −1 = v −1 and then the system is free.
Invariant measures of (X, σ| X , G).
A (metrizable) Choquet simplex is a compact, convex, and metrizable subset K of a locally convex real vector space, such that for each v ∈ K there is a unique probability measure µ supported on the set of extreme points of K such that xdµ(x) = v.
An invariant measure of (X, σ| X , G) is a probability measure µ defined on the Borel sets of X such that µ(σ g (A)) = µ(A), for every g ∈ G and every Borel subset A of X. We denote M(X, σ| X , G) the space of all the invariant measures of (X, σ| X , G). Because G is amenable, this is a non empty Choquet simplex [9] . We say that A ⊆ X is a full measure set of X if A c is negligible with respect to any invariant measure of (X, σ| X , G).
Managed sequence of incidence matrices.
For every n ≥ 0 and 1 ≤ i ≤ k n , we define
It is easy to see that
We say that M n is the incidence matrix between P n and P n+1 . Observe that
Using the terminology introduced in [3, Section 5] , this implies that the sequence (M n ) n≥0 is managed by (|F n |) n≥0 . That is:
1. M n has k n ≥ 2 rows and k n+1 ≥ 2 columns; 2.
It is easy to check that
Thus the following inverse limit is well defined.
Remark 15. We can assume that the matrices M n are strictly positive. Indeed, if there exists B n,k such that for every m > n it does not appear in B m,1 , then the clopen set {x ∈ X : x(F n ) = B n,k } is empty. Thus we can assume that for every n ≥ 0 and 1 ≤ k ≤ k n there exists m n,k such that B n,k appears (as a translated copy) in B m n,k ,1 . By (C1) we can assume that m n,k = m n is independent on k. Thus and by (C1) again, the product M n · · · M mn+1 is strictly positive.
The next Lemma is the key to show that M(X, σ| X , G) is affine homeomorphic to lim
Lemma 16. X \ ∂X is a full measure set of X.
Proof. Let µ ∈ M(X, σ| X , G), g ∈ G and n ≥ 0. We have
which implies that ∂X has zero measure with respect to any invariant measure of (X, σ| X , G).
From Proposition 14 and Lemma 16 we get:
Corollary 17. (X, σ| X , G) is free on a full measure set.
Proposition 18. There is an affine homeomorphism between M(X, σ| X , G) and the inverse limit lim
Proof. From Lemma 16, the invariant measures of (X, σ| X , G) are supported on X \ ∂X, and every point in this set is separated by the atoms of the partitions P n 's. Thus every open set U ⊆ X is a (countable) union of elements of the atoms of the partitions P n 's and a set in ∂X. This implies that the measure of U is completely determined by the measures of the atoms in P n 's. The rest of the proof follows according to [3, Proposition 2] . . . .
From [3, Lemma 1] and [3, Lemma 2] we have that the inverse limits lim ← −n (△(k n , |F n |), M n ) and lim ← −n (△(k n + 1, |F n |),M n ) are affine homeomorphic. Observe that (M n ) ≥0 is managed by (|F n |) n≥0 and verifies for every n ≥ 0,
In order to reduce the notation, we call l n and l n+1 the number of rows and columns ofM n respectively. Let Σ = {0, · · · , l 0 }. For every 1 ≤ k ≤ k 0 let define B 0,k ∈ Σ F 0 as
For n ≥ 0, suppose that we have defined B n,1 , · · · , B n,ln different elements in Σ Fn that satisfy condition (C3). Observe this is true for n = 0. We define B n+1,1 , · · · , B n+1,l n+1 in Σ F n+1 as follows: for every 1 ≤ k ≤ k n+1 B n+1,k (F n ) = B n,1 , and for every c ∈ J n \ {1 G }, B n+1,k (cF n ) ∈ {B n,2 , · · · , B n,kn } in a way such that |{v ∈ J n : B n+1,k (cF n ) = B n,i }| =M n (i, k), for every 2 ≤ i ≤ l n . Condition (4.1) ensures that it is possible to make this procedure in order that B n+1,k = B n+1,s if k = s. By construction, B n,1 , · · · , B n,ln satisfy (C1), (C2) and (C3). Then, the associated system (X, σ| X , G) is a minimal free (see Proposition 14) G-subshift such that M(X, σ| X , G) is affine homeomorphic to lim ← −n (△(k n , |F n |), M n ) (see Proposition 18).
Proof of Theorem 2. The proof is direct from Proposition 21, [3, Lemma 9] and [3, Lemma 12] .
The next result is a consequence of Theorem 1 and Theorem 2.
Corollary 22. Let G be a countable infinite nilpotent group. For every metrizable Choquet simplex K, there exists a minimal G-subshift which is free on a full measure set, whose set of invariant probability measures is affine homeomorphic to K. If G is abelian, then the subshift is free.
